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SUMMARY

An analytical approach using a Winkler model is investigated to provide analytical solutions of settlement of
a rectangular pile subjected to vertical loads in nonhomogeneous soils. For a vertically loaded pile with a
rectangular cross section, the settlement influence factor of a normal pile in nonhomogeneous soils is de-
rived from Mindlin’s solution for elastic continuum analysis. For short piles with rectangular and circular
cross sections, the modified forms of settlement influence factors of normal piles are produced taking into
account the load transfer parameter proposed by Randolph for short circular piles. The modulus of subgrade
reaction along a rectangular pile in nonhomogeneous soils is expressed by using the settlement influence
factor related to Mindlin’s solution to combine the elastic continuum approach with the subgrade-reaction
approach. The relationship between settlement and vertical load for a rectangular pile in nonhomogeneous
soils is available in the form of the recurrence equation. The formulation of settlement of soils surrounding
a rectangular pile subjected to vertical loads in nonhomogeneous soils is proposed by taking into account
Mindlin’s solution and both the equivalent thickness and the equivalent elastic modulus for layers in the
equivalent elastic method. The difference of settlement between square and circular piles is insignificant,
and the settlement of a rectangular pile decreases as the aspect ratio of the rectangular pile cross section in-
creases. The comparison of results calculated by the present method for a rectangular pile in
nonhomogeneous soils has shown good agreement with those obtained from the analytical methods and
the finite element method. Copyright © 2014 John Wiley & Sons, Ltd.
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1. INTRODUCTION

For designs and analyses of pile foundations, special attention for piles has been recently concentrated
on not only the behavior of a pile with a circular cross section but also those of piles with other cross
sections such as a rectangular cross section and a rectangular cross section with rounded corners. Piles
with the other cross sections have been often used. Barrette piles, which are reinforced concrete piles
with rectangular cross sections, have the resistance to horizontal loads and to bending moments better
than circular piles of the same cross-sectional area. The contiguous and secant piles, which are modeled
as those with a rectangular cross section or a rectangular cross section with rounded corners and are
composed of the improved soil or the reinforced concrete, have been used in the prevention of
settlement and liquefaction. However, analyses of piles with the other cross sections have used often
the method where those are converted to a pile with a circular cross section of an equivalent area.

Parametric solutions of circular piles have been produced for various practical cases, and most of
them are related to homogeneous soils. For example, the integral equation method or the boundary
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element method (BEM) given by Butterfield and Banerjee [1] has been used to provide the numerical
computer-based solutions for circular piles in homogeneous soils. For nonhomogeneous soils, Banerjee
and Davies [2, 3], Banerjee [4], Poulos [5, 6], Poulos and Davis [7], Chow [8–10], Lee [11], Southcott
and Small [12], Ta and Small [13–15], Zhang and Small [16], Small and Zhang [17], and Kitiyodom and
Matsumoto [18] presented the solutions of circular pile foundations, using the numerical methods
such as the finite element method (FEM) and BEM and the simplified analytical approaches.

It is assumed in a rigorous analysis that the pile is a three-dimensional continuum embedded in the
extended half-space soil that is a three-dimensional elastic medium. Because the problem of a vertically
loaded pile is axisymmetric, the pile and the soil each take two displacement components in the radial
and vertical directions for the rigorous analysis. The rigorous analytical approach ensures the
boundary, continuity, and compatibility conditions of the displacement, stress, force, rotation, and
moment for the pile and half-space. The fundamental work for the rigorous analytical approach is
done by Muki and Sternberg [19, 20], who investigated the diffusion and transfer of the axial load
from a long cylindrical elastic bar into the surrounding elastic medium. Luk and Keer [21] presented
a rigorous analytical formulation for the problem of a rigid cylindrical inclusion partially embedded
in an isotropic elastic half-space in the case of the axial loading. Selvadurai and Rajapakse [22]
demonstrated a rigorous analytical method related to the axial loading of a rigid cylindrical inclusion
embedded in an isotropic elastic half-space. Rajapakse and Shah [23–25] presented a rigorous
analytical method to solve an elastic circular bar embedded in an elastic half-space subjected to the
longitudinal load. Rajapakse [26] investigated rigorously the response of an axially loaded elastic
pile in a Gibson soil using a variational method.

It is assumed in a less rigorous analysis for a vertically loaded pile that the pile and the soil each
have one displacement component in the vertical direction. The less rigorous analytical approach has
several limitations such as the absence of the displacement, stress, force, rotation, and moment and
the neglect of the boundary, continuity, and compatibility conditions. Various improvements to the
work of the less rigorous approach have been reported by many researchers. Poulos [5, 6], Poulos
and Davis [7, 27], and Mattes and Poulos [28] employed a finite difference method to analyze the
behavior of vertically loaded single circular piles and pile groups. Randolph and Wroth [29]
presented approximate closed-form linear elastic solutions for settlement of a circular pile in
homogeneous and nonhomogeneous soils. Randolph and Wroth [30] developed the method of using
the closed-form solution for a vertically loaded single circular pile to produce the solution for
vertically loaded circular pile groups. Poulos and Davis [7] presented both an analytical solution for
a single floating circular pile and a solution based on an iterative method for a single end-bearing
circular pile in nonhomogeneous soils by introducing an average elastic modulus for the soil. Guo
and Randolph [31] and Guo [32] investigated analytically the response of vertically loaded circular
piles in elastic-plastic, nonhomogeneous soils.

For vertically loaded circular piles, developing the Winkler model of soil reaction for the interaction
between circular piles and soils in layered soils, Mylonakis and Gazetas [33] proposed analytical
expressions for settlement and interaction factors. Mylonakis [34] investigated analytically the
modulus of subgrade reaction based on the Winkler model for axially loaded circular piles. Using
Mindlin’s solution for vertical loads, Yamahara [35] proposed the stiffness coefficients of surface
foundation defined as the ratio of the vertical load to the displacement of the rigid rectangular base
on the surface of the semi-infinite solid. For a pile with a circular cross section in nonhomogeneous
soils, Hirai [36] presented an analytical approach based on the elastic continuum analysis using a
Winkler model that is assumed through the modulus of subgrade reaction for the relationship
between the shear stress and settlement for the vertical loading.

When a circular pile is used originally in an analysis, the circular pile is often modeled as a square
pile by replacing the circular pile with the square pile of equivalent cross-sectional area in the
numerical method such as FEM to reduce the number of elements, for example, Kwon and Elnashai
[37]. On the other hand, analytical methods developed for a circular pile have been applied to a
rectangular pile by replacing the rectangular pile with the circular pile of the same cross-sectional
area. Small and Zhang [17] pointed out that the replacement of a circular pile with a square pile of
the same cross-sectional area makes them equivalent for the vertical loading, but because the second
moment of area is larger for the square pile, the bending stiffness is 4.7% higher. To investigate the
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2014)
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behavior of pile groups embedded in Gibson soil using BEM, Banerjee and Davies [2] adopted a
method where a circular pile is replaced with a square pile of the same surface area. Basu et al. [38]
and Seo et al. [39] presented a method of the settlement analysis that is applied to axially loaded
piles with a rectangular cross section installed in multilayered soil deposits, and the analysis follows
from the solution of the differential equations governing the displacements of pile–soil system
obtained using variational principles. At the present time, the analytical solutions for rectangular or
square piles are not available in the literature besides Basu et al. [38] and Seo et al. [39]. This
implies that the analytical procedure for the rectangular pile may be much more complicated than
that for circular piles. The method proposed by Basu et al. [38] and Seo et al. [39] incorporates the
effect of Poisson’s ratio into the expression for the modified shear modulus. However, it may be
necessary that the effect of Poisson’s ratio and that of the original shear modulus on the settlement
are investigated separately to evaluate each effect on the settlement directly.

In the following presentation, an investigation for a pile with a rectangular cross section in
nonhomogeneous soils is made to propose approximate analytical solutions of the settlement for vertical
loads. First, for a vertically loaded pile with a rectangular cross section, the settlement influence factor of
normal piles (with the length-diameter ratio of 10 or more) in nonhomogeneous soils is derived from
Mindlin’s solution for elastic continuum analysis. For short piles with rectangular and circular cross
sections, the modified forms of the settlement influence factors of normal piles are produced taking into
account the load transfer parameter proposed by Randolph [40] for short circular piles. Second, to
combine the elastic continuum approach with the subgrade-reaction approach, the modulus of subgrade
reaction along the rectangular pile in nonhomogeneous soils for vertical loads is expressed by the
settlement influence factor related to Mindlin’s solution in elastic continuum analysis. Third, the
relationship between settlement and vertical load for a rectangular pile subjected to the vertical load in
nonhomogeneous soils is obtained using the recurrence equation for each layer. Fourth, the formulation
of settlement of soils surrounding a rectangular pile subjected to vertical loads in nonhomogeneous soils
is proposed by taking into account Mindlin’s equation in a homogeneous soil and both the equivalent
thickness and the equivalent elastic modulus for layers in the equivalent elastic method [41].
Subsequently, a Winkler model approach of rectangular piles is proposed to analyze the settlement of
piles with a rectangular cross section subjected to the vertical loads in nonhomogeneous soils. It is
assumed conventionally that a rectangular pile is idealized as a circular pile with the same cross-sectional
area in analytical methods. On the other hand, a circular pile is often assumed to be a square pile with
the equivalent area in numerical methods such as FEM. However, it seems that the investigation for the
validity of these assumptions has been hardly made clearly. Therefore, the continuum-based approach
used for circular piles proposed by Hirai [36] will be developed for the analysis of rectangular piles. The
comparison of the results calculated by the present method for rectangular and circular piles in
nonhomogeneous soils is performed with those obtained from the analytical methods and FEM.
2. FORMULATION OF SETTLEMENT OF A RECTANGULAR PILE SUBJECTED TO
VERTICAL LOAD

To obtain a solution for the values of shear stress along a pile and settlement of the pile, it is necessary
to give expressions for settlement of the pile and soil at each element in terms of the unknown shear
stresses on the pile. Figure 1 shows a rectangular or circular pile discretized into several segments of
1 ~mb� 1 in nonhomogeneous soils, with mb denoting the mbth soil layer beneath the base of the
pile subjected to a vertical load. A Cartesian coordinate system (x, y, z) is used for the rectangular
pile. As shown in Figure 1, the present procedure uses the elastic moduli, that is, Young’s modulus
Em, Poisson’s ratio νm, and thickness Hm for the mth layer in the n layers of nonhomogeneous soils;
L is the length of a pile; Bx and By are the dimensions of the rectangular pile cross section in the x
and y directions, respectively; d is the diameter of the circular pile shaft; PPm, PSm, and PBm are the
axial force, the shear force, and the base force of the mth element, respectively; and wPm and wBm

are settlements at the head and base of the mth element, respectively.
Figure 2 shows discretized elements for a rectangular pile subjected to a vertical load on

multilayered soil. At a depth coordinate c of the point where the shear stress pSm is applied to the
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Figure 1. A pile with a rectangular or circular cross section discretized into several segments in multilayered
soil for a vertical load.
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element m in the pile shaft, the distance r is taken between the plane coordinates (x, y) of the point where
the shear stress is applied to the element m and the origin of the coordinate system, and the distance r′ is
taken between the plane coordinates (x, y) of the point where the shear stress is applied to the soil layer m
and the plane coordinates (x0, y0) at a depth coordinate h of the point where the settlement is evaluated in
the soil medium. For the base of a pile, the distance r is taken between the coordinates (x, y) of the point
where the vertical pressure pB(mb�1) is applied on the pile base and the origin of the coordinate system, the
distance r′ is taken between the coordinates (x, y) and the coordinates (x0, y0), and the distance R is taken
between the coordinates on the perimeter of the rectangular pile cross section through the coordinates
(x, y) and the origin of the coordinate system. For the coordinate system from the pile base, c′ is a
depth coordinate from the bottom of the point to which the vertical load is applied, and h′ is a depth
coordinate from the bottom of the point at which the settlement is evaluated.

For multilayered soil having the vertical nonhomogeneity with some variation of stiffness with
depth, by making reference to equations given by Poulos and Davis [7], the settlement at a depth of
the soil that is adjacent to the pile subjected to the shear stress pS along the pile may be written in
the Cartesian coordinates (x, y, z) as follows:

w ¼ w x0; y0; h
� � ¼ ∫L0 ∫By=2

�By=2 pI x0; y0; h;Bx=2; y; c; ν cð Þð Þ � dy
n

þ∫Bx=2
�Bx=2 pI x0; y0; h; x;By=2; c; ν cð Þ� � � dx

þ∫By=2
�By=2 pI x0; y0; h;�Bx=2; y; c; ν cð Þð Þ � dy

þ∫Bx=2
�Bx=2 pI x0; y0; h; x;�By=2; c; ν cð Þ� � � dxopS cð Þ

E cð Þ dc

(1)
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Figure 2. Discretized elements for a rectangular pile subjected to a vertical load on multilayered soil.

SETTLEMENT ANALYSIS OF RECTANGULAR PILES IN NONHOMOGENEOUS SOIL
where w is the settlement of the soil; pI is the influence factor for vertical displacement as a result of a
vertical point load, which is represented by Mindlin’s solution; and E(c) and ν(c), which depend on the
depth, are Young’s modulus and Poisson’s ratio of the soil, respectively. Referring to Figure 2, the
solution of an integral form given by Eqn (1) for the settlement evaluated in the ith layer in a
multilayered soil has a summation of settlement which is produced by the shear stress psm applied to
the mth layer in the multilayered soil. Also, Eqn (1) is an analytical solution of a multilayered
medium, which is represented by the summation of each Mindlin’s solution for a local
homogeneous continuum.

Let us consider a simplified form of the relationship between the settlement and the shear stress
obtained by performing the transformation from Eqn (1). It may be noticed in Eqn (1) that the
integrand is a function of the depth coordinate c over the length of the pile, and the function pI
specified later possesses a singularity at the local field point c = h where the settlement is evaluated.
In this case, applying the first mean value theorem for integration (Gradshteyn and Ryzhik [42]) to
Eqn (1) and taking into account the singularity of the function of pI at the depth c = h, we may
assume approximately as follows:

w ¼ w x0; y0; hð Þ ¼ Iv x0; y0; hð Þ� pS hð Þ
E hð Þ (2)

where pS(h), E(h), and ν(h) vary with depth h, and Iv(x0, y0, h) is the settlement influence factor. If it is
assumed for convenience that Poisson’s ratio of the soil at the depth h where the settlement is
calculated is predominant as well as Young’s modulus of the soil and the shear stress at the depth h,
the settlement influence factor Iv(x0, y0, h) can be written as follows:
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2014)
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Iv ¼ Iv x0; y0; hð Þ ¼ Iv x0; y0; h; ν hð Þð Þ
¼ ∫L0 ∫By=2

�By=2 pI x0; y0; h;Bx=2; y; c; ν hð Þð Þ�dy
n

þ∫Bx=2
�Bx=2 pI x0; y0; h; x;By=2; c; ν hð Þ� ��dx

þ∫By=2
�By=2 pI x0; y0; h;�Bx=2; y; c; ν hð Þð Þ�dy

þ∫Bx=2
�Bx=2 pI x0; y0; h; x;�By=2; c; ν hð Þ� ��dxodc

(3)

where pI is given by Mindlin’s solution as follows:

pI¼pI x0; y0; h; x; y; c; ν hð Þð Þ

¼ 1þ νð Þ
8π 1� νð Þ

z12

D1
3 þ

3� 4ν
D1

þ 5� 12νþ 8ν2

D2

�
þ 3� 4νð Þz22 � 2cz2 þ 2c2

D2
3 þ 6cz22 z2 � cð Þ

D2
5

�
z1 ¼ h� c

z2 ¼ hþ c

r′
2 ¼ x0 � xð Þ2 þ y0 � yð Þ2

D1
2 ¼ r′

2 þ z12

D2
2 ¼ r′

2 þ z22

(4)

For Eqn (2), which is a simplified form obtained from Eqn (1), the settlement influence factor Iv given
by Eqn (3) for the point where the settlement is evaluated in the ith layer in a multilayered soil takes the
summation of Mindlin’s solution that represents the property of the local homogeneous mth soil layer
that the shear stress psm is applied to. Hence, an analytical solution for a multilayered soil is specified
as Eqn (1), and a simplified form of the analytical solution for the multilayered soil is expressed as
Eqn (2), which provides the Winkler model relationship between the settlement and the shear stress.

Assuming that the settlement influence factor given by Eqn (3) is a function of the depth h only, an
averaged value of the settlement influence factor over the rectangular cross section at a depth h can be
provided. In this case, because the complexity of the triple integral obtained from Eqn (3) yields using the
integral form to obtain an average value of the settlement influence factor along the periphery of a pile, a
simplified form of the settlement influence factor for the rectangular pile is presented in the following. A
settlement influence factor Ivr= Ivr(h, ν(h)) representative of settlement influence factors Iv(x0, y0, h, ν(h))
at the coordinates (x0, y0) on the plane at the depth h for a pile with a rectangular cross section is taken as
an average of three values that are the settlement influence factor Iv(x0, y0, h, ν(h)) on the corner point and
those on the middle points in the dimensions Bx and By of a pile with a rectangular cross section. Thus,
the settlement influence factor Ivr= Ivr(h, ν(h)) of the rectangular pile at the depth h is written as follows:

Ivr ¼ Ivr h; ν hð Þð Þ ¼ Iv Bx=2;By=2; h; ν hð Þ� �þ Iv Bx=2; 0; h; ν hð Þð Þ þ Iv 0;By=2; h; ν hð Þ� �� �
=3 (5)

From Eqn (2), the settlement wm of the soil adjacent to the mth element of a rectangular pile
subjected to the shear stress pSm (m = 1 ~mb� 1) along the pile may be expressed as follows:

wm ¼ Ivrm� pSmEm
m ¼ 1 e mb� 1
� 	

(6)

where Ivrm is the settlement influence factor related to the soil adjacent to the mth element of the
rectangular pile. Eqns (2) and (6) imply that an integral form of the settlement influence factor Iv is
calculated for a given local field point at the depth h, taking into account the characteristics that the
integrand is a function of the coordinates at the depth c and Poisson’s ratio over the length of the
pile and possesses a singularity at the local field point c = h and then applying this to calculation of
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2014)
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the local settlement at the depth h, taking the local values at the depth h of the shear stress, Young’s
modulus and Poisson’s ratio. For a pile with the circular cross section subjected to a vertical load,
an analytical approach similar to the formulation presented in Eqns (1–6) was proposed by Hirai [36].

Randolph and Wroth [29], Randolph [40], and Horikoshi and Randolph [43] pointed out that the
load transfer parameter proposed by Randolph and Wroth [29] is accurate for normal circular piles
(with the length–diameter ratio L/d of 10 or more) but is not suitable for short circular piles having
the small length–diameter ratio L/d. Although Eqn (1) is represented following the method proposed
by Poulos and Davis [7], Eqn (6) obtained from Eqn (1) is the form similar to the relationship
between the settlement and the shear stress proposed by Randolph and Wroth [29]. Thus, once Eqn
(6) is obtained, the analytical procedure following it is analogous to that given by Randolph and
Wroth [29]. Adjusting the load transfer parameter of normal circular piles empirically, Randolph
[40] presented a form of the load transfer parameter of short circular piles. Taking into account that
the load transfer parameter of short circular piles proposed by Randolph [40] has an addition of the
constant term, it may be assumed that the settlement influence factor, IvcM, of short piles with a
circular cross section may be represented in the modified form as follows:

IvcM ¼ 1þ νsð Þ ln e
Ivc
1þνs þ 5

� �
(7)

where Ivc is the settlement influence factor proposed originally for normal piles with a circular cross
section [36], and the settlement influence factors Ivc and IvcM have no units. Because Eqn (7) is an
interpolation function to transform from the settlement influence factor of the normal circular pile to that of the
short circular one, the relevant length–diameter ratio L/d of a short pile is assumed to be up to the value of 10.

Considering a differential equation of settlement for a rectangular pile obtained from equilibrium of
external forces and taking into account both a circular pile whose cross-sectional area is equal to that of
the rectangular pile and Eqn (7), it may be assumed that the settlement influence factor, IvrM, of short
piles with a rectangular cross section may be written in the modified form as follows:

IvrM ¼ 2 Bx þ By

� �
1þ νsð Þ=π ln e

πIvr
2 BxþByð Þ 1þνsð Þ þ 5

� �
(8)

where Ivr is the settlement influence factor presented in Eqn (5) proposed originally for normal piles with
a rectangular cross section, and the settlement influence factors Ivr and IvrM have the units of length.
Because Eqn (8) is an interpolation function to transform from the settlement influence factor of the
normal rectangular pile to that of the short rectangular one, the relevant length–equivalent diameter
ratio L/de of a short pile is assumed to be up to the value of 10. The equivalent diameter de is equal to
the diameter d for a circular pile and 2(BxBy/π)1/2 for a rectangular pile whose cross-sectional area is
equal to that of a circular pile. Hence, it follows from Eqns (7) and (8) that the settlement influence
factors, IvcM and IvrM, of short piles approach those, Ivc and Ivr, of normal piles, respectively, as the
length–diameter ratio L/d and the length–equivalent diameter ratio L/de approach the upper value of 10.

For the soil layers of finite depth, the settlement may be approximately obtained by using the
Steinbrenner [44] approximation that the compression of a finite layer on a rigid base is the same as
the compression within the top layer in an infinitely deep deposit. Thus, the settlement w at a depth
h in a layer of depth hRB is written as

w ¼ w x0; y0; h; ν hð Þð Þ ¼ IvRB x0; y0; h; ν hð Þð Þ� pS hð Þ
E hð Þ (9)

where IvRB(x0, y0, h, ν(h)) is the settlement influence factor expressed as IvRB(x0, y0, h, ν(h)) = Iv(x0, y0,
h, ν(h) )� Iv(x0, y0, hRB, ν(h)).

For the Winkler soil model of subgrade-reaction analysis, the relationship between the shear stress
pS and deflection w at the depth h in nonhomogeneous soils subjected to vertical loads is assumed to be
related as follows:

pS ¼ kv hð Þ�w (10)

where kv(h) is the modulus of subgrade reaction and varies with the depth h. The modulus of subgrade
reaction kv(h) in Eqn (10) along the pile in nonhomogeneous soils is derived from the relationship
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2014)
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between settlement and shear stress in an elastic continuum represented in Eqn (2) to establish the
relationship between the elastic continuum approach and the subgrade-reaction approach for piles
subjected to vertical loads, as follows:

kv hð Þ ¼ E hð Þ=Ivr h; ν hð Þð Þ (11)

Let us consider the settlement of a single pile and the interaction between piles taking into account
the axial, the shear, and the base forces. As shown in Figures 1 and 2, in the case where the axial force
PP on the top of a pile in the first soil layer is applied, the mth element of the pile is loaded with the
axial force PPm (m= 1 ~mb� 1) on the head, the vertical shear force PSm around the periphery, and
the base force PBm. These forces satisfy the vertical equilibrium of the mth pile element, that is,
PPm=PSm+PBm. It is assumed that the settlement of the pile element is identical with that of the
soil element adjacent to the pile element.

For the case where the head of the pile k is subjected to external load PP1k, the settlement wP1i of the
head of the pile i is represented as

wP1i ¼ ∑
N

k¼1
FPik�PP1k (12)

where N is the number of piles, and for the settlement of a single pile,

FPik ¼ F1 i ¼ kð Þ (13)

and for the interaction between piles,

FPik ¼ F′
1 i ≠ kð Þ (14)

Using the formulation presented by Randolph and Wroth [29] and Hirai [36] in the case of a circular
pile and taking into account the vertical equilibrium between the axial, the shear, and the base forces,
the parameter F1 in Eqn (13) is obtained by the following recurrence equation:

Fm ¼ Fmþ1 þ FAm

FBm�Fmþ1 þ 1
m ¼ 1emb� 1ð Þ (15)

where

FAm ¼ 1
μmApEp

tanh μmHmð Þ

FBm ¼ μmApEp tanh μmHmð Þ

μm ¼ 2 Bx þ By

� �
Em

ApEpIvrm

� �1=2

(16)

where AP is the area of the rectangular pile cross section and EP is the elastic modulus of the pile.
The initial value Fmb in Eqn (15) is obtained from the relationship between settlement and load for the

pile base on multilayered soils. Hirai [41] proposed the relationship between settlement and load for the
circular pile base on multilayered soils on the basis of both the equivalent thickness and the equivalent
elastic modulus for layers in the equivalent elastic method. Considering that the pile base with a
rectangular cross section is represented as a rigid punch acting on the surface of soils ignoring the pile
shaft and surrounding soil depth and taking into account Mindlin’s solution in a homogeneous soil and
the equivalent elastic method proposed by Hirai [41], the relationship between the settlement wB(mb�1)

on the pile base and the base load P B(mb�1) and that between the vertical pressure p B(mb�1) and the
base load P B(mb�1) for the rigid base of a rectangular pile are obtained as follows:

wB mb�1ð Þ ¼ Fmb�PB mb�1ð Þ

pB mb�1ð Þ ¼
PB mb�1ð Þ

R2 � r2
� �1=2

A1

(17)
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where

Fmb ¼ 1
A1

IP Hmbe
′; νn

� �
Emb

þ ∑
n

m¼mbþ1

IP ∑
m

j¼mb
Hje

′; νn

 !
� IP ∑

m�1

j¼mb
Hje

′; νn

 !
Em

8>>>><>>>>:

9>>>>=>>>>;
IP h′; νn
� � ¼ K 0; νnð Þ � K h′; νn

� �
K h′; νn
� � ¼ 4 ∫Bx=2

0 ∫By=Bxx
0 A2dydxþ ∫By=2

0 ∫Bx=Byy
0 A2dxdy

n o
A1 ¼ 2 Bx ln

By

Bx
þ 1þ By

2

Bx
2


 �1=2
 !

þ By ln
Bx

By
þ 1þ Bx

2

By
2


 �1=2
 !( )

A2 ¼ pI

R2 � r2
� �1=2

(18)

where x0 = y0 = c′=0 and Hje′ is the equivalent thickness [41] of the jth soil layer in the equivalent elastic
method. In the case of a single layer beneath the pile base, the settlement wB(mb�1) on the pile base in
Eqn (17) is reduced to the equation given by Yamahara [35] in the following form:

wB mb�1ð Þ ¼ π 1� vmb2ð Þ
EmbA1

PB mb�1ð Þ (19)

Let us consider the formulation of the parameter F1′ represented by Eqn (14) regarding the
interaction between piles. For the case where the head of the pile k is subjected to the external load
PP1k and the shear stress on the mth segment of the shaft of the pile k produced by the load PP1k is
pSmk, the settlement wPik′ of the pile i may be given as follows:

wPik
′ ¼ w x0; y0; hð Þ
¼ ∫L0 ∫By=2

�By=2 pI x0; y0; h;Bx=2; y; c; ν cð Þð Þ � dy
n

þ∫Bx=2
�Bx=2 pI x0; y0; h; x;By=2; c; ν cð Þ� � � dx

þ ∫By=2
�By=2 pI x0; y0; h;�Bx=2; y; c; ν cð Þð Þ � dy

þ∫Bx=2
�Bx=2 pI x0; y0; h; x;�By=2; c; ν cð Þ� � � dxops cð Þ

E cð Þ dc
¼ FPik’�PP1k

(20)

where

FPik
′ ¼ 1

2 Bx þ By

� � ∑
mb�1

m¼1

Iimk
EmHm

�FPSmkPP1k

Iimk ¼ Iimk x0; y0; hð Þ
¼ ∫THm

THm�1
∫By=2
�By=2 pI x0; y0; h;Bx=2; y; c; ν cð Þð Þ � dy

n
þ ∫Bx=2

�Bx=2 pI x0; y0; h; x;By=2; c; ν cð Þ� � � dx
þ ∫By=2

�By=2 pI x0; y0; h;�Bx=2; y; c; ν cð Þð Þ � dy
þ∫Bx=2

�Bx=2 pI x0; y0; h; x;�By=2; c; ν cð Þ� � � dxodc
FPSmkPP1k ¼ PSmk=PP1k

(21)

where PSmk is the shear force on the mth segment of the shaft of the pile k subjected to the load PP1k and

THj=∑
j
i¼1Hi. For piles of k= 1 ~N, the settlement wPi′ of the pile i is written using Eqn (20) as follows:
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wPi
′ ¼ ∑

N

k¼1
wPik

′ ¼ ∑
N

k¼1
FPik

′�PP1k (22)

For the case where the head of the pile k is subjected to external load PP1k and the stress acting on
the rigid pile base is pB(mb�1)k, the settlement wPik ′′ of the pile i is expressed as follows:

wPik
′′ ¼ FPik

′′�PP1k (23)

where

FPik
′′ ¼ 1

A1Ebeq
IiBk�FPB mb�1ð ÞkPP1k

IiBk ¼ IiBk x0; y0; h; cð Þ
¼ ∫Bx=2

0 ∫By=Bxx
0 A2dydxþ ∫By=2

0 ∫Bx=Byy
0 A2dxdy

� ∫By=2
0 ∫�Bx=Byy

0 A2dxdy� ∫�Bx=2
0 ∫�By=Bxx

0 A2dydx

þ ∫�Bx=2
0 ∫By=Bxx

0 A2dydxþ ∫�By=2
0 ∫Bx=Byy

0 A2dxdy

� ∫�By=2
0 ∫�Bx=Byy

0 A2dxdy� ∫Bx=2
0 ∫�By=Bxx

0 A2dydx

FPB mb�1ð ÞkPP1k ¼ PB mb�1ð Þk=PP1k

(24)

where Ebeq is the equivalent elastic modulus [41] for layers beneath the pile base in the equivalent
elastic method and PB(mb�1)k is the vertical force acting on the rigid base of the pile subjected to the
load PP1k. For piles of k= 1 ~N, the settlement wPi′′ of the pile i is expressed using Eqn (23) as follows:

wPi
′′ ¼ ∑

N

k¼1
wPik

′′ ¼ ∑
N

k¼1
FPik

′′�PP1k (25)

Thus, in the case where the pile k (k = 1 ~N) is subjected to the load PP1k, the settlement wPi of the
pile i is written by Eqns (22) and (25) as follows:

wPi ¼ wPi
′ þ wPi

′′

¼ ∑
N

k¼1
FPik

′ þ FPik
′′

� 	
�PP1k

¼ ∑
N

k¼1
FPik�PP1k

(26)

where

FPik ¼ FPik
′ þ FPik

′′ (27)

Therefore, it is found from Eqns (14) and (27) in the case of the depth h = 0 that

F1
′ ¼ FPik ¼ FPik

′ þ FPik
′′ i ≠ kð Þ (28)

Furthermore, Eqns (12–28) can be used to obtain the settlement of the soil surrounding the pile k
subjected to vertical loads by replacing the coordinates of the pile i with those of the soil.
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2014)
DOI: 10.1002/nag



SETTLEMENT ANALYSIS OF RECTANGULAR PILES IN NONHOMOGENEOUS SOIL
3. NUMERICAL RESULTS

Let us consider the settlement of a single rectangular pile subjected to a vertical load on the surface of a
nonhomogeneous soil. It is of interest to investigate the difference between the stiffness coefficient of a
pile with a rectangular cross section and that of a pile with a circular cross section. For the stiffness
coefficient [45–47] generally used in elastodynamics, the vertical stiffness coefficient of a soil
adjacent to a pile is written as Kv=PS/w, where PS= πdpS and PS= 2(Bx+By)pS are the vertical
shear force per unit length of a circular pile and that of a rectangular pile, respectively, and w is
the settlement of a soil adjacent to the pile. The load transfer parameter ζ of a pile with a circular
cross section given by Randolph and Wroth [29] can be determined using the conventional form
ζ = ln(2rm/d) of adopting the maximum radius of influence of a pile, rm. For a nonhomogeneous
soil, the maximum radius of influence of a pile is defined as rm= 2.5ρ(1� νS)L, where ρ is a
nonhomogeneity factor that is the ratio of the shear modulus G(h) of the soil at the pile middepth to
that at the base, that is, ρ=G(L/2)/G(L), and νS is Poisson’s ratio of the soil. Thus, the vertical
stiffness coefficient of a pile with a circular cross section obtained from Randolph and Wroth [29] is
represented as Kv= πES/{(1+ νS)ζ} and ES is Young’s modulus of the soil. Hirai [36] proposed the
vertical stiffness coefficient of a pile with a circular cross section in the following form: Kvc= πES/Ivc(h),
in which Ivc(h) is the settlement influence factor of a pile with a circular cross section. The vertical
stiffness coefficient of a pile with a rectangular cross section is represented as Kvr=2(Bx+By) · kv(h) = 2
(Bx+By) ·ES/Ivr(h, ν(h)).

In the following presentation, the results predicted for piles with square and rectangular cross
sections are obtained using settlement influence factors expressed by Eqns (5) and (8), and the
results predicted for a pile with a circular cross section are obtained from analytical solutions that
Hirai [36] proposed using a Winkler model approach for the vertically loaded pile in a
nonhomogeneous soil and the settlement influence factor expressed by Eqn (7).

Figures 3 and 4 show relationships between the depth ratio z/L and the vertical stiffness coefficients
Kv, Kvc, and Kvr for homogeneous soils having νS = 0.0 and νS = 0.5, respectively. It is seen that
Poisson’s ratio has a significant influence on the distribution of the vertical stiffness coefficients.
The vertical stiffness coefficients of a pile with a square cross section Kvr is slightly larger than that
of a pile with a circular cross section Kvc. The difference between the vertical stiffness coefficients Kv

and Kvc is that Kv takes a constant value dependent on the slenderness ratio of a pile L/de and Poisson’s
ratio of the soil, whereas Kvc depends on the depth ratio z/L, the length–diameter ratio L/de, and
Poisson’s ratio of the soil. Further, it is found that the value at the middepth of the vertical stiffness
coefficient Kvc gives good approximation of Kv.

Figures 5 and 6 show relationships between the depth ratio z/L and the vertical stiffness coefficient
Kvr of the rectangular pile for a homogeneous soil having νS = 0.0 and νS= 0.5, respectively. As the
aspect ratio Bx/By increases and the length–diameter ratio L/de decreases, the vertical stiffness
coefficient of a pile with a rectangular cross section increases. As pointed out by Seo et al. [39], the
additional stiffness with the increase of the aspect ratio is considered to be produced by the larger
perimeter of the square or rectangular pile for the same cross-sectional area.
Figure 3. Relationships between z/L and the vertical stiffness coefficient for circular and square piles.
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Figure 4. Relationships between z/L and the vertical stiffness coefficient for circular and square piles.

Figure 5. Relationships between z/L and the vertical stiffness coefficient for the rectangular pile.

Figure 6. Relationships between z/L and the vertical stiffness coefficient for the rectangular pile.

H. HIRAI
Figure 7 shows relationships between the length–diameter ratio L/d, the diameter–length ratio d/L, and
the displacement influence factor Iw of a pile with a circular cross section for two Poisson’s ratios νS=0.0
and νS=0.5. Results obtained from the settlement influence factor presented in Eqn (7) are compared with
those obtained from Poulos and Davis [27] and Randolph [40] and show good agreement.

To compare the results from the present approach with numerical and analytical solutions available
in the literature, the normalized pile head stiffness coefficient Fv is defined as the ratio of the pile head
stiffness coefficient KvP of a pile with some type of cross section to the stiffness coefficient Kv0 of the
surface foundation with the rigid circular base. The pile head stiffness coefficient KvP is defined as the
ratio of the vertical load to the displacement on the pile head, that is, KvP=PP/wP. The stiffness
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Figure 7. Relationships between L/d, d/L, and the displacement influence factor Iw for the circular pile.

SETTLEMENT ANALYSIS OF RECTANGULAR PILES IN NONHOMOGENEOUS SOIL
coefficient Kv0 of the surface foundation with the rigid circular base is defined as the ratio of the vertical
load to the displacement of the rigid circular base with the equivalent diameter de on the surface of the
semi-infinite solid and is written as Kv0=ESde/(1� νS2).

Figure 8 shows relationships between the length–diameter ratio L/d and the normalized pile head
stiffness coefficient Fv of the circular pile in the case of Poisson’s ratio νS = 0.25. As the length–
diameter ratio L/d and the stiffness ratio Ep/ES increase, the normalized pile head stiffness
coefficient Fv increases. Results obtained from the settlement influence factor presented in Eqn (7)
are compared with those obtained from Rajapakse and Shah [23, 25], Randolph and Wroth [29],
Randolph [40], and Apsel and Luco [48] and show good agreement.

Figure 9 shows relationships between the length–diameter ratio L/de and the normalized pile head
stiffness coefficient Fv of a pile with a circular cross section in the case of Poisson’s ratios νS = 0.0
and νS = 0.5. As the length–diameter ratio L/de and the stiffness ratio Ep/ES increase, the normalized
Figure 8. Relationships between L/d and the normalized pile head stiffness coefficient Fv for the
circular pile.
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Figure 9. Relationships between L/de and the normalized pile head stiffness coefficient Fv for the circular pile.
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pile head stiffness coefficient increases and that for Poisson’s ratio νS = 0.0 is larger than that for
νS= 0.5. There is a small difference between the results obtained from Seo et al. [39] and those
given by the present method.

For a short pile with a square cross section, let us investigate in detail the difference between
settlements obtained from the original and modified forms of the settlement influence factor presented
in Eqns (5) and (8), respectively. Figure 10 shows relationships between the length–diameter ratio L/de
and the normalized pile head stiffness coefficient Fv of a pile with a square cross section for two
Poisson’s ratios νS=0.0 and νS= 0.5 and two stiffness ratios Ep/Es= 500 and Ep/Es=10

5. As the
length–diameter ratio L/de increases, the normalized pile head stiffness coefficient Fv obtained from the
modified form expressed by Eqn (8) approaches that obtained from the original form presented in Eqn (5).

To investigate the settlement for the overall range of the length–diameter ratio L/de for a pile with a
square cross section, Figure 11 shows relationships between the length–diameter ratio L/de and the
Figure 10. Relationships between L/de and the normalized pile head stiffness coefficient Fv for the square pile.
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Figure 11. Relationships between L/de and the normalized pile head stiffness coefficient Fv for the square pile.

SETTLEMENT ANALYSIS OF RECTANGULAR PILES IN NONHOMOGENEOUS SOIL
normalized pile head stiffness coefficient Fv for a pile with a square cross section. As the length–
diameter ratio L/de and the stiffness ratio Ep/ES increase, the normalized pile head stiffness
coefficient Fv increases and that for Poisson’s ratio νS = 0.0 is larger than that for νS = 0.5. It is
assumed conventionally that a square pile is idealized as a circular pile with the same cross-sectional
area, for example, Small and Zhang [17]. It is found from Figures 9 and 11 that the difference of
settlement between the square and circular piles for vertical loads is insignificant. There is an
appreciable difference between the results obtained from Seo et al. [39] and those presented by the
present method.

Figure 12 shows relationships between the length–diameter ratio L/de and the normalized pile head
stiffness coefficient Fv for a pile with a rectangular cross section of the aspect ratio Bx/By = 5. As the
length–diameter ratio L/de and the stiffness ratio Ep/ES increase, the normalized pile head stiffness
coefficient increases and that for Poisson’s ratio νS = 0.0 is larger than that for νS = 0.5. Compared
Figure 12. Relationships between L/de and the normalized pile head stiffness coefficient Fv for the
rectangular pile.
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with the results of the pile with a square cross section shown in Figure 11, the normalized pile head
stiffness coefficient of the pile with a rectangular cross section of the aspect ratio Bx/By= 5 is larger
than that of the pile with a square cross section. There is a comparative difference between the
results obtained from Seo et al. [39] and those given by the present method.

Figures 13 and 14 show relationships between the aspect ratio Bx/By and the normalized pile head
stiffness coefficient Fv for a pile with a rectangular cross section in the case of Poisson’s ratios
νS= 0.0 and νS= 0.5, respectively. As the aspect ratio Bx/By increases, the normalized pile head
Figure 13. Relationships between Bx/By and the normalized pile head stiffness coefficient Fv for the
rectangular pile.

Figure 14. Relationships between Bx/By and the normalized pile head stiffness coefficient Fv for the
rectangular pile.
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stiffness coefficient Fv increases with the increases of the stiffness ratio Ep/ES and the length–diameter
ratio L/de. The normalized pile head stiffness coefficient of the pile with a rectangular cross section for
Poisson’s ratio νS = 0.0 is larger than that of the pile with a rectangular cross section for νS = 0.5 at each
aspect ratio Bx/By. There is a comparative difference between the results obtained from Seo et al. [39]
and those presented by the present method.

Therefore, because it is found from Figures 3–6 that the vertical stiffness coefficient of a square pile
is slightly larger than that of a circular pile and that of a rectangular pile increases as the aspect ratio of
the rectangular pile cross section increases, the difference of the normalized pile head stiffness
coefficient between the square and circular piles is insignificant, and that of the rectangular pile
increases as the aspect ratio of the rectangular pile cross section increases, as shown in Figures 9–14.

Figure 15 shows relationships between the length–diameter ratio L/de and the normalized pile head
stiffness coefficient Fv for rectangular, square, and circular piles for Poisson’s ratio νS= 0.5. As the
length–diameter ratio L/de and the stiffness ratio Ep/ES increase, the normalized pile head stiffness
coefficients Fv increase. For circular piles, the results obtained from the present method are almost
same as those given by Mattes and Poulous [28]. Comparing the results between rectangular, square,
and circular piles obtained from the present method, the normalized pile head stiffness coefficient of
the square pile is slightly larger than that of the circular pile, and the normalized pile head stiffness
coefficient of the rectangular pile with the aspect ratio Bx/By= 5 is larger than that of the square pile.
The result obtained from Seo et al. [39] shows that the normalized pile head stiffness coefficient of
a square pile is larger than that of a circular pile, and the increase of the normalized pile head
stiffness coefficient with the increase of the aspect ratio Bx/By for the rectangular pile is negligible in
the case of the length–diameter ratios L/de = 25 and 100.

Figure 16 shows relationships between depth and pile settlement for rectangular and circular piles
subjected to the vertical load in a four-layered soil. The elastic properties and thicknesses of the soil
layers and Young’s modulus, length, and dimensions of piles used in the present method are same
as those adopted by Seo et al. [39]. Compared with the results from the finite element analysis
(FEA) given by Seo et al. [39], the displacement from the present method is slightly larger than that
Figure 15. Relationships between L/de and the normalized pile head stiffness coefficient Fv for the rectangular,
square, and circular piles.
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Figure 16. Relationships between the depth and pile settlement for the rectangular and circular piles.
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from FEA for both rectangular and circular piles. The results from the present method are in good
agreement with the FEA results.

Figure 17 shows relationships between the horizontal distance from the pile center and the vertical
soil displacement of rectangular and circular piles in the soil layers shown in Figure 16. Compared with
the results from FEA given by Seo et al. [39], the vertical soil displacements from the present method
are similar to those from FEA for both rectangular and circular piles. The results from the present
method are in good agreement with the FEA results.
Figure 17. Relationships between horizontal distance and settlement for the rectangular and circular piles.
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Let us consider a case history as the first example. Seo et al. [39] presented the computational results
using the results of instrumented load tests that Chang and Wong [49] reported. The elastic properties
and thicknesses of the soil layers and Young’s modulus, length, and dimensions of piles employed in
the present method are same as those adopted by Seo et al. [39], as shown in Figures 18 and 19.

Figure 18 shows measured and predicted relationships between the depth and the axial load for
rectangular and circular piles. The axial loads near the pile base predicted from the present method
are less than those predicted by Seo et al. [39] for both rectangular and circular piles. The results
predicted from the present method are in good agreement with the measured results.

Figure 19 shows predicted and measured relationships between the vertical load and the settlement
for rectangular and circular piles. In the article reported by Chang and Wong [49], the reason for the
sudden jump in the measured load-settlement curve at 3MN is not mentioned. The settlement
predicted from the present method is slightly larger than that from Seo et al. [39] for both
rectangular and circular piles. The results from the present method are in good agreement with the
measured data.
Figure 18. Relationships between depth and axial load for the pile load test.

Figure 19. Relationships between vertical load and settlement for the rectangular and circular piles.
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Next, we consider a rectangular pile as the second example. Figure 20 shows the geotechnical
profile for the pile load test presented in the literature [50]. The top 13.5m of the soil profile is clay
[average Nspt= 1, where Nspt is the standard penetration test blow count]; underneath this layer, there
are the sand layer [average Nspt= 15] with 7.1-m thickness, the silt layer [average Nspt= 35] with
3.1-m thickness, and the sand layer [average Nspt= 50] with 9.3-m thickness. In the following
presentation, the second sand layer is assumed to be 32.3-m thick for the analysis. The rectangular
pile is 28m in length and the dimensions Bx = 1.80m and By= 0.6m in x and y directions,
respectively. The Young’s modulus of the pile is 21.5GPa. It is assumed that the Young’s modulus
of the soil layer is Es= 3Nspt (MPa) using the equation presented by Poulos [51]. The Poisson’s ratio
is assumed to be 0.3 for the sand and silt layers and 0.5 for the clay layer.

Figure 21 shows predicted and measured relationships between the vertical load and the pile head
settlement for the rectangular pile. The settlement predicted from the present method is slightly
larger than that measured in the initial stages of loading. The results from the present method are in
fairly good agreement with the measured data in the initial stages of loading.
Figure 20. Geotechnical profile for the pile load test.

Figure 21. Relationships between vertical load and settlement for the rectangular pile.
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Figure 22. Relationships between depth and axial load for the rectangular pile.
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Figure 22 shows measured and predicted relationships between the depth and the axial load for the
rectangular pile. Although the axial loads near the middepth of the pile predicted are relatively larger
than those measured, the axial loads near the pile base predicted are almost the same as those measured
for both axial loads 5 and 10MN at the pile head. The results predicted from the present method are in
good agreement overall with the measured results.
4. CONCLUSIONS

The following conclusions can be drawn from the present investigation:

1) For vertically loaded piles with a rectangular cross section, the settlement influence factor of
normal piles (with the length–diameter ratio of 10 or more) in nonhomogeneous soils is derived
from Mindlin’s solution for elastic continuum analysis. For short piles with rectangular and
circular cross sections subjected to vertical loads, the modified forms of the settlement influence
factor of normal piles are produced taking into account the load transfer parameter proposed by
Randolph for short circular piles.

2) The modulus of subgrade reaction along the rectangular pile in nonhomogeneous soils for vertical
loads is expressed by the settlement influence factor related to Mindlin’s solution in elastic contin-
uum analysis to combine the elastic continuum approach with the subgrade-reaction approach.

3) The relationship between settlement and vertical load for a rectangular pile subjected to a vertical
load in nonhomogeneous soils is obtained using the recurrence equation for each layer.

4) The formulation of settlement of soils surrounding a rectangular pile subjected to vertical loads in
nonhomogeneous soils is proposed by taking into account Mindlin’s solution for a homogeneous
soil and both the equivalent thickness and the equivalent elastic modulus for layers in the equiv-
alent elastic method.

5) By using the first four conclusions, a Winkler model approach of rectangular piles is proposed to
analyze the settlement of piles with a rectangular cross section subjected to the vertical loads in
nonhomogeneous soils.

6) The vertical stiffness coefficient of a pile with a square cross section is slightly larger than that of
a pile with a circular cross section, and that of a pile with a rectangular cross section increases as
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the aspect ratio that is the ratio between the dimensions in x and y directions increases, in the case
of the same cross-sectional area for each pile.

7) An assumption that a square pile is idealized as a circular pile with the same cross-sectional area
is investigated, and it is found that the difference of settlement between the square and circular
piles for vertical loads is insignificant. The settlement of a pile with a rectangular cross section
decreases as the aspect ratio of the rectangular pile cross section increases, in the case of the same
cross-sectional area for each pile.

8) The comparison of the results calculated by the present method for rectangular and circular piles
in nonhomogeneous soils has shown good agreement with those obtained from the analytical
methods and FEM.
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